Abstract. We introduce and study some mixed product Poisson structures on product manifolds associated to Poisson Lie groups and Lie bialgebras. When the Lie bialgebras are quasitriangular, our construction is equivalent to that of fusion products of quasi-Poisson G-manifolds introduced by Alekseev, Kosmann-Schwarzbach, and Meinrenken. Our main examples include mixed product Poisson structures on products of flag varieties defined by Belavin-Drinfeld rmatrices.
Introduction and outlines of main results

1.1.
Introduction. This paper is motivated by, and prepares for, a detailed study of a naturally defined holomorphic Poisson structure (see §6.3) on the n-fold product manifold B n , where n ≥ 1 is any integer and B is the flag variety, i.e., the variety of Borel subgroups, of a connected complex semisimple Lie group G. Aspects of the Poisson structure to be investigated include calculations in coordinates; symplectic groupoids (over generalized Bruhat cells); orbits of symplectic leaves under the action of a maximal torus T of G, also called the T-leaves; log-moment maps for the T-action; and cluster structures on the T-leaves. This paper sets up the general framework in which the above aspects of the Poisson structure on B n will be studied in forthcoming papers. Although we are motivated by one particular Poisson structure on B n , the theory developed in this paper is applicable to much wider classes of Poisson structures and is of independent interest. Definition 1.1. Given two manifolds Y 1 and Y 2 , by a mixed product Poisson structure on the product manifold Y 1 × Y 2 we mean a Poisson bi-vector field π on Y 1 × Y 2 that projects to welldefined Poisson structures on Y 1 and Y 2 . Given Y i , 1 ≤ i ≤ n, where n ≥ 2, a Poisson structure π on the product manifold Y = Y 1 × · · · × Y n is said to be a mixed product if the projection of π to Y i × Y j is a well-defined mixed product Poisson structure on Y i × Y j for any 1 ≤ i < j ≤ n.
Mixed product Poisson structures are semiclassical analogs of locally factored algebras introduced by P. Etingof and D. Kazhdan in [15] . When each Y j is a finite dimensional vector space, mixed product Poisson structures on the product vector space Y = Y 1 × · · · × Y n that are linear are in one-to-one correspondence with Lie algebra structures on Y * ∼ = Y * 1 ⊕ · · · ⊕ Y * n such that each Y * i ֒→ Y * is a Lie subalgebra and [Y * i , Y * j ] ⊂ Y * i ⊕ Y * j for each pair i = j. In this paper, we give two constructions of mixed product Poisson structures associated to Poisson actions by Lie bialgebras ( §3, §4, §5) and we study some examples on products of homogeneous spaces ( §6).
We define in §4.1 polyubles of an arbitrary Lie bialgebra, generalizing the notion of the Drinfeld double of a Lie bialgebra. The mixed product Poisson structures in our first construction ( §3, §4) are shown to have Poisson actions by polyuble Lie bialgebras or their duals (Theorem 4.5, [18, 19] , from whom we have borrowed the term. If r ∈ g ⊗ g is a quasitriangular r-matrix on a Lie algebra g, for each integer n ≥ 2, we construct in §5.1 a quasitriangular r-matrix r (n) on the n-fold direct product Lie algebra g n . The dual Lie bialgebra of the quasitriangular Lie bialgebra (g n , r (n) ) is precisely the locally factored Lie bialgebra with equal components constructed from (g, r) by P. Etingof and D. Kazhdan in [15, Proposition 1.9] . We refer to the quasitriangular Lie bialgebra (g n , r (n) ) as an n'th mixed sum of the quasitriangular Lie bialgebra (g, r). The mixed product Poisson structures in our second construction ( §5) admit Poisson actions by mixed sums of quasitriangular Lie bialgebras (Theorem 5.10). The two constructions are interrelated, as discussed in Remark 5. 13 .
The main constructions in this paper are all special cases of twists of Lie bialgebras and Poisson actions thereof as introduced by Drinfeld [11] (see Lemma 2.12) . In particular, we are naturally lead to the notion of fusion products of Poisson spaces of a quasitriangular Lie bialgebra (Definition 5.11), which, under twisting, is equivalent to that of fusion products of quasi-Poisson spaces introduced by Alekseev, Kosmann-Schwarzbach, and Meinrenken [2] (see §5. 3) .
When applied to the case of a complex semisimple Lie algebra g, our constructions give rise to holomorphic Poisson structures on products of flag varieties of g associated to every quasitriangular r-matrix on g, and in particular, to every Belavin-Drinfeld r-matrix on g. These Poisson structures have the distinguished feature of being defined by quasitriangular r-matrices and Lie algebra actions (see §1.4 and §2.5), and they serve as the main motivation for [28] , a sequel to this paper, in which we will study torus orbits of symplectic leaves of Poisson structures defined by quasitriangular r-matrices and apply the results to flag varieties.
We now give some more details of the main results of the paper. For a review on some basic facts on Lie bialgebras, see §2. In particular, if (g, δ g ) is a Lie bialgebra, by a left (resp. right) (g, δ g )-Poisson space we mean a triple (Y, π Y , σ), where (Y, π Y ) is a Poisson manifold and σ is a left (resp. right) Poisson action of (g, δ g ) on (Y, π Y ) (see Definition 2.8).
1.2. Polyubles of Lie bialgebras and mixed product Poisson structures. Let (g, δ g ) be a Lie bialgebra, with dual Lie bialgebra (g * , δ g * ) and double Lie bialgebra (d, δ d ), and let n ≥ 2 be an integer. Assume that (Y 1 , π 1 , ρ 1 ) is a right (g * , δ g * )-Poisson space, (Y n , π n , λ n ) a left (g, where (π 1 , π 2 , · · · , π n ) is the direct product Poisson structure on Y , {x i } m i=1 is any basis of g, {ξ i } m i=1 the dual basis of g * , and ρ j = −σ j | g * and λ j = σ j | g for 2 ≤ j ≤ n − 1. It is shown in Theorem 4.5 that π Y is a mixed product Poisson structure on Y , and that the direct product action of the direct product Lie algebra g * ⊕ d n−2 ⊕ g on (Y, π Y ) is a Poisson action with respect to the Lie bialgebra structure dual to the (2n − 2)-uble of (g, δ g ). Special cases of Theorem 4.5 give rise to mixed product Poisson structures with Poisson actions by other polyubles of (g, δ g ), and we refer to Proposition 4.7 and Remark 4.8 for more detail.
Mixed sums of quasitriangular r-matrices and mixed product Poisson structures.
A quasitriangular r-matrix on a Lie algebra g is an element r ∈ g ⊗ g with an ad-invariant symmetric part and satisfying the classical Yang-Baxter equation, and we also use (g, r) to denote the corresponding quasitriangular Lie bialgebra (see §2.3). Given a quasitriangular rmatrix r on g and an integer n ≥ 2, we construct in §5.1 a quasitriangular r-matrix r (n) on the direct product Lie algebra g n = g ⊕ · · · ⊕ g and call it an n'th mixed sum of r (other mixed sums of r can be defined using elements in the permutation group S n , see Remark 5.7 for detail). Given left (g, r)-Poisson spaces (Y j , π j , λ j ), 1 ≤ j ≤ n, we construct in Theorem 5.10 a mixed product Poisson structure π Y on Y = Y 1 × · · · × Y n such that (Y, π Y , λ) is a (g n , r (n) )-Poisson space, where λ is the direct product action of g n on Y , π Y has the form (1.1) π Y = (π 1 , . . . , π n ) − λ (Mix n (r)) , and Mix n (r) ∈ ∧ 2 (g n ) is a certain twisting element of the direct product Lie bialgebra structure on g n . Moreover, the diagonal action λ diag of g on (Y, π Y ) is a Poisson action of (g, r) on (Y, π Y ), and we call (Y, π Y , λ diag ) the fusion product of the Poisson spaces {(Y j , π j , λ j )} n j=1 . It is shown in §5.3 that, under a twisting, fusion products of (g, r)-Poisson spaces correspond to fusion products of (g, φ s )-quasi-Poisson spaces introduced in [2] , where φ s ∈ ∧ 3 g is the Cartan element defined by the symmetric part s of r (see §5.3 for detail).
1.4.
Poisson structures defined by quasitriangular r-matrices. It is a simple observation, see Proposition 2.14, that given a quasitriangular r-matrix r = i x i ⊗y i ∈ g⊗g on a Lie algebra g and a left Lie algebra action λ of g on a manifold Y , the 2-tensor field λ(r) on Y defined by
is Poisson as long as it is skew-symmetric. In this case, (Y, −λ(r), λ) is a left (g, r)-Poisson space, and we say that the Poisson structure −λ(r) is defined by the quasitriangular r-matrix r and the action λ. An equivalent condition for λ(r) to be skew-symmetric is that the stabilizer subalgebra of g at each point of Y be coisotropic with respect to the symmetric part of r (see §2.5).
Assume that (Y j , π j , λ j ) is a left (g, r)-Poisson space with π j = −λ j (r) for each 1 ≤ j ≤ n. We show in Theorem 5.10 that π Y = −λ(r (n) ), where π Y is the mixed product Poisson structure on Y = Y 1 × · · · × Y n given in (1.1), and λ is again the direct product action of g n on Y .
Examples of Poisson structures defined by quasitriangular matrices and Lie algebra actions, together with their quantizations, have been studied by several authors (see, for example, [8, 14, 16, 39] ). For our main examples (see Example 5.14 for detail), suppose that G is a connected Lie group with Lie algebra g and suppose that s ∈ S 2 g is ad-invariant. If Q 1 , . . . , Q n are closed subgroups of G such that the Lie algebra of each Q j is coisotropic with respect to s, then for every quasitriangular r-matrix r on g with symmetric part s, we have the mixed product Poisson structure on the product space G/Q 1 × · · · × G/Q n , defined by the mixed sum r (n) of r and the direct product of the actions of G on each factor.
Let G be a connected complex semisimple Lie group and let F 1 , . . . , F n be any finite collection of (partial or full) flag manifolds of G. As a special case, we obtain, for each quasitriangular r-matrix r on g, a holomorphic mixed product Poisson structure on the product manifold F = F 1 × · · · × F n . Among this class of examples, those coming from quotient Poisson structures, as explained in the next §1.5, are of particular interest to us, and they have, in fact, served as the main motivation for the theory developed in this paper.
1.5. Quotient Poisson structures and mixed products. For a Lie group G and an integer n ≥ 1, let the product group G n act on itself from the right by
If Q 1 , . . . , Q n are closed subgroups of G, let
be the quotient manifold of G n by the action of Q 1 × · · · × Q n ⊂ G n given in (1.2). Assume now that (G, π G ) is a Poisson Lie group and that Q 1 , . . . , Q n are closed Poisson Lie subgroups of (G, π G ). Then (see Lemma 6.2) the direct product Poisson structure π n G on G n projects to a well defined Poisson structure π Z on Z. Note that Z is diffeomorphic to the product manifold
where ̟ Z : G n → Z is the quotient map. Thus the quotient Poisson structure π Z on Z can be studied by looking at the Poisson structure
Let (g, δ g ) be the Lie bialgebra of (G, π G ). The double Lie algebra d of (g, δ g ) has a canonical quasitriangular r-matrix r d ∈ d ⊗ d (Definition 2.4). In Theorem 6.8, we show that the Poisson structure I Z (π Z ) on G/Q 1 × · · · × G/Q n coincides with the mixed product Poisson structure defined by the n'th mixed sum r ) is defined by a quasitriangular r-matrix r on g, for some special Poisson Lie subgroups Q of G, we show in Proposition 6.9 that the Poisson structure I Z (π Z ) on G/Q × · · · × G/Q is defined by the mixed sum of the quasitriangular r-matrix r (n) and the direct product of the actions of G on each factor.
When G is a complex semisimple Lie group equipped with the standard Poisson Lie group structure, we have in particular the holomorphic Poisson structure on the n-fold product B n of the flag variety B of G that was mentioned at the beginning of the Introduction. The description of torus orbits of symplectic leaves of this and related Poisson structures on products of flag varieties is the subject of study of [28] .
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1.7. Notation. Throughout the paper, vector spaces are understood to be over k = R or C. The non-degenerate bilinear pairing between a finite dimensional vector space V and its dual space V * will always be denoted by , . The annihilator of a vector subspace U of V is, by definition, U 0 = {ξ ∈ V * : ξ, U = 0} ⊂ V * . For each integer k ≥ 1, we identify the tensor product V ⊗k with the space of multi-linear maps from V * × · · · × V * (k-times) to k, so that
Let ∧ k V be the subspace of skew-symmetric elements in V ⊗k , and define, for
If V = V 1 ⊕ · · · ⊕ V n is a direct sum of vector spaces, and if A j ∈ (V j ) ⊗k , 1 ≤ j ≤ n, denote by (0, . . . , A j , . . . , 0) the image of A j under the embedding of V j into V , and let
We will work in the category of finite dimensional smooth real or complex manifolds. If Y is a real or complex manifold, for an integer 
A real (resp. complex) Poisson manifold is a pair (Y, π Y ), where Y is a real (resp. complex) manifold and π Y is a smooth (resp. holomorphic) bi-vector field on
. Let G be a Lie group with Lie algebra g. Identifying ∧g with the space of left invariant multivector fields on G, one has the Schouten bracket on ∧g which is also denoted by [ , ] . In particular, for Λ ∈ ∧ 2 g and using our convention in (1.4), [Λ, Λ] ∈ ∧ 3 g is given by
for ξ, η, ζ ∈ g * . A left action of g on a manifold Y is a Lie algebra anti-homomorphism λ :
→ gy is a left action of G on Y , one has the induced left action of g on Y , also denoted by λ, given by
Similarly, a right Lie group action ρ : Y × G → Y, (y, g) → yg induces a right Lie algebra action
Review on Poisson Lie groups, Lie bialgebras, and Poisson actions
The materials presented in this section, except for that §2.5, are all standard and well-known, and we refer to [5, 9, 10, 17, 22, 23, 29, 33, 34, 35, 36] for more details. All Lie bialgebras in this section are assumed to be finite dimensional.
Lie bialgebras.
A Lie bialgebra is a pair (g, δ g ) where g is a Lie algebra and δ g : g → ∧ 2 g a linear map, called the co-bracket, such that 1) the dual map δ * g : ∧ 2 g * → g * of δ g is a Lie bracket on the dual space g * of g, and 2) δ g satisfies the 1-cocycle condition
A Lie bialgebra homomorphism from one Lie bialgebra (g 1 , δ g 1 ) to another (g 2 , δ g 2 ) is a Lie algebra homomorphism φ :
) is a Lie bialgebra, so is (g * , δ g * ), where the Lie bracket on g * is given by δ * g : ∧ 2 g * → g * , the dual map of δ g , and δ g * : g * → ∧ 2 g * is the dual map of the Lie bracket on g. The Lie bialgebra (g * , δ g * ) is called the dual Lie bialgebra of (g, δ g ). If (g ′ , δ g ′ ) a Lie bialgebra isomorphic to the dual Lie bialgebra (g * , δ g * ), we will call (g, δ g ) and (g ′ , δ g ′ ) a dual pair of Lie bialgebras.
A sub-Lie bialgebra of a Lie bialgebra (g, δ g ) is a Lie bialgebra (p, δ p ) with an injective Lie bialgebra homomorphism (p, δ p ) → (g, δ g ). A quotient Lie bialgebra of (g, δ g ) is a Lie bialgebra (q, δ q ) with a surjective Lie bialgebra homomorphism (g, δ g ) → (q, δ q ).
2.2.
The Double Lie (bi)algebra of a Lie bialgebra. Recall that a quadratic Lie algebra is a pair (d, , d ), where d is a Lie algebra and , d is a non-degenerate symmetric ad-invariant bilinear form on d. Let (g, δ g ) be a Lie bialgebra and let (g * , δ g * ) be its dual Lie bialgebra. Consider the direct sum vector space d = g ⊕ g * and denote its elements by x + ξ, where x ∈ g and ξ ∈ g * . Then d carries the symmetric bilinear form
and a unique Lie bracket [ , ] extending those on g and g * such that , d is ad-invariant. Namely
where ad * denotes both the coadjoint action of g on g * and of g * on g, i.e., 
The quadratic Lie algebra (d 2 , , d 2 ) has the Lagrangian splitting 
It is straightforward to check that (see also [17, §4.2] and [38,
In particular, both (g, δ g ) and (g * , −δ g * ) are sub-Lie bialgebras of (d, δ d ).
Example 2.1. Let (g, δ g ) be a Lie bialgebra and (p, δ p ) a sub-Lie bialgebra of (g, δ g ). The double Lie bialgebra (d p , δ dp ) of (p, δ p ) can be identified with a "sub-quotient" of the double Lie
) is a sub-Lie bialgebra of (d, δ d ), and the map p + g * → d p : x + ξ → x + ξ| p , x ∈ p, ξ ∈ g * , is a well-defined surjective Lie bialgebra homomorphism from (p + g * , δ d | (p+g * ) ) to the double Lie bialgebra of (p, δ p ).
2.3.
Classical r-matrices and twists of Lie bialgebras. Let g be any Lie algebra. For
An element r ∈ g ⊗ g is called a classical r-matrix on g if (g, δ r ) is a Lie bialgebra. Writting r as r = Λ + s with Λ ∈ ∧ 2 g and s ∈ S 2 g, it follows from the definition that r is a classical r-matrix on g if and only if s ∈ (S 2 g) g and [Λ, Λ] ∈ (∧ 3 g) g , where (S 2 g) g and (∧ 3 g) g denote respectively the ad-invariant subspaces of S 2 g and ∧ 3 g, and [ , ] is the Schouten bracket on ∧g (see §1.7 and (1.7)). In this paper, we will refer to classical r-matrices simply as r-matrices. Given a Lie bialgebra (g, δ g ), an r-matrix r on g such that δ g = δ r is called an r-matrix for (g, δ g ). A Lie bialgebra (g, δ g ) is said to be co-boundary if it has an r-matrix.
Recall [10] the classical Yang-Baxter operator CYB : 
where U (g) is the universal enveloping algebra of g, [ , ] on the right hand side denotes the commutator bracket in U (g) ⊗3 , and r 12 , r 13 , r 23 ∈ U (g) ⊗3 are respectively given by
One checks directly [9, 22] (note our convention in §1.7 and (1.5)) that
An element r ∈ g ⊗ g is called a quasitriangular r-matrix on g if the symmetric part of r is ad-invariant and if r satisfies the Classical Yang Baxter Equation CYB(r) = 0. By (2.8) -(2.10), a quasitriangular r-matrix on g is indeed an r-matrix on g (see also [10, 22, 31] ). A quasitriangular r-matrix r on g is said to be factorizable if its symmetric part is non-degenerate. A quasitriangular structure on a given Lie bialgebra (g, δ g ) is a quasitriangular r-matrix r for (g, δ g ), and in this case we also call the pair (g, r) a quasitriangular Lie bialgebra.
Remark 2.2. Given two elements r i = Λ i + s i , where Λ i ∈ ∧ 2 g and s i ∈ (S 2 g) g for i = 1, 2, we say that r 1 and r 2 are equivalent if CYB(Λ 1 ) = CYB(Λ 2 ) and CYB(s 1 ) = CYB(s 2 ). For two equivalent elements r 1 , r 2 ∈ g ⊗ g, it is clear from (2.8) -(2.10) that r 1 is a quasitriangular r-matrix on g if and only if r 2 is. In particular, let P be the linear map (2.11)
Then r ∈ g ⊗ g is a quasitriangular r-matrix on g if and only if P (r) is.
Let (g, δ g ) be a Lie bialgebra and (d, , d ) its double Lie algebra. Let dim g = m and let Gr 0 (m, d) be the set of all m-dimensional subspaces of d complementary to g. Then (2.12)
is a bijection, where recall the linear map r # : g * → g in (1.5). Note that k ⊥ r = k −P (r) for any r ∈ g ⊗ g, where q ⊥ = {a ∈ d : a, q d = 0} for q ⊂ d, and P : g ⊗ g → g ⊗ g is given in (2.11). In particular, k r is a Lagrangian subspace of d with respect to , d if and only if r ∈ ∧ 2 g. A proof of the following result of Drinfeld can be found in [3] . 
where
is any basis of g and {ξ i } m i=1 its dual basis of g * , and it is straightforward to check 
will be called the skew-symmetric r-matrix on d associated to the Lagrangian splitting d = g+g * .
Let (g, δ g ) be a Lie bialgebra with a quasitriangular structure r ∈ g ⊗ g and let (g * , δ g * ) be the dual Lie bialgebra of (g, δ g ). Define (see (1.5))
) are Lie bialgebra homomorphisms. Let (d, δ d ) be the double Lie bialgebra of (g, δ g ) and define
It follows from Lemma 2.3 (see also [12, 17, 21, 22, 33] ) that both p + and p − are Lie algebra homomorphisms. Let r d be the quasitriangular r-matrix on d associated to the Lagrangian
be any basis of g and {ξ i } m i=1 the dual basis of g * . By (2.13),
In particular, p + and p − are also Lie bialgebra homomorphisms from
). Consider the well-defined nondegenerate bilinear pairing , (l − ,l + ) between l − and l + given by
Proof. Let x − , y − ∈ l − and x + , y + ∈ l + . Let x − = r − (ξ) and x + = r + (η), where ξ, η ∈ g * . As
) are Lie bialgebra homomorphisms, one has
Q.E.D.
be the double Lie bialgebra of (l − , δ g | l − ), and let r d l − be the quasitriangular r-matrix on d l − associated to the Lagrangian splitting d l − = l − + l + . Consider the linear map
) is a Lie algebra homomorphism, and, in fact, q(r d l − ) = r.
Proof. Identify, as in Example 2.1,
Then q, being the map induced by the Lie algebra homomorphism
is a basis of l − , and let {ξ i } m i=1 be the dual basis of g * . As Span{ξ k+1 , . . . ,
is a basis of l + , which is dual to the basis
It follows that q(r d l − ) = r.
Q.E.D.
We now recall the notion of twists of Lie bialgebras from [11] . Let (g, δ g ) be a Lie bialgebra and (2.12) ) is a Lie subalgebra of d. Using (1.7), one readily checks that t ∈ ∧ 2 g is a twisting element for (g, δ g ) if and only if
where the co-bracket δ g : g → ∧ 2 g is linearly extended to δ g :
A twisting element t for (g, δ g ) gives rise to the Lagrangian splitting d = g+k −t and thus another co-bracket δ g,t : g → ∧ 2 g on g given by
The Lie bialgebra (g, δ g,t ) is called the twist of (g, δ g ) by the twisting element t, and we also say that the Lagrangian splitting d = g + k −t is the twist of the Lagrangian splitting d = g + g * by t.
Note that the two quasitriangular r-matrices r d and r d,t on d associated to the two Lagrangian splittings d = g + g * and d = g + k −t are now related by r d,t = r d + t, where t ∈ ∧ 2 g is regarded as an element in ∧ 2 d via the embedding g ֒→ d.
Lemma 2.7. Let r ∈ g ⊗ g be a quasitriangular r-matrix on a Lie algebra g and let s ∈ (S 2 g) 2 be the symmetric part of r. Then the map
gives a one-to-one correspondence between twisting elements for the Lie bialgebra (g, δ r ) and quasitriangular r-matrices on g whose symmetric parts are s.
Proof. Let r = Λ + s, where Λ ∈ ∧ 2 g. Let t ∈ ∧ 2 g. By (2.8) -(2.10),
Thus r + t is a quasitriangular matrix on g if and only if t is a twisting element for (g, δ r ).
Poisson Lie groups and Poisson actions.
A Poisson bi-vector field π G on a Lie group G is said to be multiplicative if the group multiplication map (G×G,
, where G is a Lie group and π G is a multiplicative Poisson bi-vector field on G. A Lie subgroup of G that is also a Poisson submanifold with respect to π G is called a Poisson Lie subgroup of (G, π G ). Let (G, π G ) be a Poisson Lie group and let g be the Lie algebra of G. Then π G (e) = 0, where e is the identity element of G, and one has the linear map d e π G : g → ∧ 2 g, the linearization of π G at e, given by d e π G (x) = [x, π G ](e), where for x ∈ g,x is any local vector field on G with x(e) = x. The pair (g, δ g = d e π G ) is a Lie bialgebra, called the Lie bialgebra of the Poisson Lie group (G, π G ).
If (G, π G ) is a Poisson Lie group with Lie bialgebra (g, δ g ), any Poisson Lie group (G * , π G * ) whose Lie bialgebra is isomorphic to the dual Lie bialgebra of (g, δ g ) is called a dual Poisson Lie group of (G, π G ), and we also call (G, π G ) and (G * , π G * ) a dual pair of Poisson Lie groups.
A left Poisson action of a Poisson Lie group
Here and for the rest of the paper, for a Lie algebra action σ : g → V 1 (Y ) and an integer k ≥ 2, we also use σ to denote the linear map (2.24)
Let (G, π) be a connected Poisson Lie group with Lie bialgebra (g, δ g ), let (Y, π Y ) be a Poisson manifold, and let σ :
Recall from §1.7 our convention on Lie algebra actions induced from Lie group actions. The following Lemma 2.9 is proved in [37] .
Example 2.11. (Dressing actions) Let (G, π G ) be a Poisson Lie group with Lie bialgebra (g, δ g ), and let (g * , δ g * ) and (d, δ d ) be respectively its dual and the double Lie bialgebra. If
where for ξ ∈ g * , ξ R denotes the right invariant 1-form on G with value ξ at e. In particular, the identity map G → G generates [35] the right dressing action ̺ of (g * , δ g * ) on (G, π G ) given by
The vector fields ̺(ξ), ξ ∈ g * , are called the right dressing vector fields on G. For g ∈ G, denote by Ad g the Adjoint action of g on g and by l g and r g the left and right translations on G by g. Then [13] the adjoint representation of g on d integrates to an action of G on d, again denoted by Ad g for g ∈ G, via
Let p g : d → g be the projection with respect to the decomposition d = g + g * . By (2.26),
The following "multiplicativity" of the dressing vector fields ̺(ξ), ξ ∈ g * , can be proved directly using (2.27) (see also [23 
Let λ be the left action of g on G given by
where recall that for x ∈ g, x R denotes the right invariant vector field on G with value x at the identity element. It follows from (2.28) that one has the left Lie algebra action (2.29)
Recall from §2.3 the notion of twists of Lie bialgebras.
Lemma 2.12. (Twists of Poisson actions.)
Assume that the Lie bialgebra (g, δ g,t ) is the twist of a Lie bialgebra (g, δ g ) by a twisting element t ∈ ∧ 2 g of (g, δ g ).
Thus π Y − λ(t) is a Poisson structure on Y . It follows from (2.23) that λ is also a left Poisson action of the Lie bialgebra (g, δ g,t ) on the Poisson manifold (Y, π Y − λ(t)). 2) is proved similarly.
2.5.
Poisson structures defined by quasitriangular r-matrices. Let g be any Lie algebra and let σ : g → V 1 (Y ) be a left or right action of g on a manifold Y . For r = i x i ⊗ y i ∈ g ⊗ g, one has the 2-tensor field σ(r) on Y given by
Let s be the symmetric part of r. Clearly, σ(r) is skew-symmetric, i.e., σ(r) is a bi-vector field on Y , if and only if σ(s) = 0. A subspace c of g is said to be coisotropic with respect to s if
Lemma 2.13. For r ∈ g ⊗ g, the 2-tensor field σ(r) on Y is skew-symmetric if and only if the stabilizer subalgebra of g at every y ∈ Y is coisotropic with respect to the symmetric part s of r.
Proof. Let y ∈ Y and let σ y : g → T y Y be given by σ y (x) = σ(x)(y) for x ∈ g. Then ker σ y ⊂ g is the stabilizer subalgebra of g at y, and (ker
Thus σ(s)(y) = 0 if and only if ker σ y is coisotropic with respect to s.
Q.E.D.
Let r ∈ g ⊗ g be a quasitriangular r-matrix on a Lie algebra g and λ : g → V 1 (Y ) a left Lie algebra action of g on a manifold Y . Proposition 2.14. If λ(r) is a bi-vector field on Y , then it is Poisson, and (Y, −λ(r), λ) is a left (g, δ r )-Poisson space, where δ r : g → ∧ 2 g is given in (2.6).
Proof. Let r = Λ + s, where Λ ∈ ∧ 2 g and s ∈ (S 2 (g)) g , and assume that λ(s) = 0, so that λ(r) is a bi-vector field on Y . By (2.8) -(2.10), the Schouten bracket of λ(r) with itself is given by
Let y ∈ Y , and let the notation be as in the proof of Lemma 2.13. Let α, β, γ ∈ T * y Y . Then by (2.9) and by the assumption that ker λ y is coisotropic with respect to s, one has
Definition 2.15. For a quasitriangular r-matrix r on a Lie algebra g and a left Lie algebra action
is skew-symmetric (so it is a Poisson structure on Y by Proposition 2.14), we call −λ(r) the Poisson structure on Y defined by r and λ.
Remark 2.16. 1) A special case of the construction in Proposition 2.14 is given in [30, Section 2] , where the Lie algebra g is the double Lie algebra of a Lie bialgebra (h, δ h ) and r is the r-matrix on g associated to the Lagrangian splitting g = h + h * . See also [24] for an interpretation of the construction in [30, Section 2] in the framework of Courant algebroids.
2) The (g, δ r )-Poisson space (Y, −λ(r), λ) in Proposition 2.14 corresponds to the g-quasiPoisson space (Y, 0, λ) under an equivalence via twisting between the category of (g, δ r )-Poisson spaces and that of g-quasi-Poisson spaces, which will be explained in §5.3 and Example 5.17.
Two-fold mixed product Poisson structures associated to Lie bialgebras
In this section, we give a construction of mixed product Poisson structures on the product of two manifolds associated to Lie bialgebra actions. Multi-fold product Poisson structures associated to Lie bialgebra actions will be constructed in §4.
3.1.
A construction of (two-fold) mixed product Poisson structures. Let (g, δ g ) be a Lie bialgebra and (g * , δ g * ) its dual Lie bialgebra. Given a right (g * , δ g * )-Poisson space (X, π X , ρ) and a left (g,
is a basis of g and {ξ i } m i=1 is the dual basis for g * . Recall from §2.2 the double Lie bialgebra (d, δ d ) of (g, δ g ) and the dual Lie bialgebra (
In particular, d ′ is isomorphic to the direct product g * ⊕ g as a Lie algebra. 
is a right Poisson action of the Lie bialgebra
Proof. It is straightforward to check that the Lagrangian splitting
is the twist of the Lagrangian splitting
Let (d ′ , δ 0 ) be the Lie bialgebra defined by the splitting
Definition 3.2. We will call π X × (ρ,λ) π Y the mixed product Poisson structure on X ×Y associated to the pair (ρ, λ). 
Example 3.6. Let (G, π G ) be a Poisson Lie group with Lie bialgebra (g, δ g ) and dual Lie bialgebra (g * , δ g * ), and let λ be the left Poisson action of (g, δ g ) on (G, π G ) given by λ(x) = x R for x ∈ g (see Example 2.11). For a right (g * , δ g * )-Poisson space (X, π X , ρ), the mixed product Poisson structure π X × (ρ,λ) π G on X × G is called a semi-direct product on X × G in [27] . In this case, the right Poisson action of (g * , δ g * ) on (X × G, π X × (ρ,λ) π G ) generated (see Example 2.11) by the Poisson map
where ̺ is the right dressing action of (g * , δ g * ) on (G, π G ).
Example 3.7. Let (G, π G ) be a Poisson Lie group with Lie algebra (g, δ g ) and (G * , π G * ) any dual Poisson Lie group of (G, π G ). Consider the dual pair of Poisson Lie groups
where G op denotes the manifold G with the opposite group structure. One has the right and left Poisson actions 
is a basis of g and 
Further examples of 2-fold mixed product Poisson structures will be given in §6.
Morphisms between mixed product
Given a triple (Φ, Ψ, φ), where
are Poisson maps and φ : (g 1 , δ g 1 ) → (g 2 , δ g 2 ) is a Lie bialgebra homomorphism such that for every x 1 ∈ g 1 , the vector fields λ 1 (x 1 ) ∈ V 1 (Y 1 ) and λ 2 (φ(x 1 )) ∈ V 1 (Y 2 ) are Ψ-related and that for every ξ 2 ∈ g * 2 , the vector fields ρ 1 (φ * (ξ 2 )) ∈ V 1 (X 1 ) and
Since Φ and Ψ are Poisson, it suffices to show that µ 1 and
Then the assumptions on Φ and Ψ imply that
Q.E.D. . . , a n ) with a j ∈ d, and the bilinear form , d n is given by (4.1) (a 1 , . . . , a n ), (a
It is straightforward to check that
is a Lagrangian splitting of (d n , , d n ). Denote by (g (n) , δ g (n) ) and (g * (n) , δ g * (n)
) the dual pair of Lie bialgebras defined by the Lagrangian splitting in (4.4), and denote by (d n , δ d n ) the corresponding double Lie bialgebra. Note that when n = 1, 2, the splitting in (4.4) are respectively d = g + g * and d 2 = d diag + d ′ , where d ′ = g * ⊕ g, and we thus recover the two dual pairs of Lie bialgebras ((g, δ g ), (g * , δ g * )) and
Definition 4.1. The Lie bialgebra (g (n) , δ g (n) ) is called the n-uble of (g, δ g ).
Remark 4.2. 1) The 1-uble and 2-uble of a Lie bialgebra are respectively the Lie bialgebra itself and its Drinfeld double. For n = 3, triples of quasitriangular Lie bialgebras were constructed by Grabowski in [20] . In the factorizable case, it follows from [20, Theorem 4.5] and Proposition 5.6 that the triple of a Lie bialgebra is isomorphic to its 3-uble.
2) Polyubles for factorizable Lie bialgebras and factorizable Poisson Lie groups [33] were constructed in [18, 19] , and we also refer to [18, 19, 26] for interpretations of such polyubles as moduli spaces of flat connections on (quilted) surfaces. Due to limitation of space, we will only present in this section properties of polyubles (for arbitrary Lie bialgebras) that are needed for the rest of the paper. A more detailed study on polyubles, and in particular on polyubles of quasitriangular Lie bialgebras, will be given elsewhere.
In what follows, 0 V always denotes the 0-dimensional subspace of a vector space V . Lemma 4.3. For any n ≥ 1, the linear map
is a Lie bialgebra homomorphism.
Proof. The annihilator of
As l is a Lie ideal of g * (n) , and as the restriction of δ g (n) to J g, g (n) (g) is the same as δ g under map J g, g (n) , one sees that J g,g (n) is a Lie bialgebra homomorphism.
Q.E.D.
Lemma 4.4. For n ≥ 1, one has the Lie bialgebra isomorphism a 2 , . . . , a n ) −→ (a 1 , a 1 , a 2 , a 2 , . . . , a n , a n ), a j ∈ d.
Proof. Consider the direct product Lie algebra d 2n = d n ⊕ d n with the bilinear form , d 2n and the second bilinear form ,
One has the isomorphism φ :
. . , a n−1 , b n−1 , b n , a n ), if n is even (a 1 , b 1 , b 2 , a 2 , a 3 , b 3 , b 4 , . . . , b n−1 , a n−1 , a n , b n ), if n is odd,
. . , a n , a 1 , . . . , a n ) : a j ∈ d} ⊂ d 2n . One checks directly that φ maps the Lagrangian splitting
) with respect to , ′ d 2n to the Lagrangian splitting d 2n = g (2n) + g * (2n) with respect to , d 2n , and that
is the map in (4.5), where (d n ) diag ∼ = d n is given by  (a 1 , . . . , a n , a 1 , . . . , a n ) → (a 1 , . . . , a n ).
Multifold mixed product Poisson structures with Poisson actions by polyubles.
Let again (g, δ g ) be a Lie bialgebra, with dual Lie algebra (g * , δ g * ) and double Lie bialgebra (d, δ d ). Let n ≥ 2 be an integer, and assume that (
so that ρ j and λ j are respectively right and left Poisson actions of (g * , δ g * ) and (g, ), the dual Lie bialgebra of the (2n−2)-uble ρ 0 (ξ, a 2 , a 2 , . . . , a n−1 , a n−1 , x) = (ρ 1 (ξ), −σ 2 (a 2 ), . . . , −σ n−1 (a n−1 ), −λ n (x)), where ξ ∈ g * , x ∈ g and a j ∈ d for each 2 ≤ j ≤ n − 1. We now have the following generalization of the mixed product construction in Proposition 3.1. )-Poisson space.
Proof. Consider the two Lagrangian splittings of the quadratic Lie algebra (d 2n−2 , , d 2n−2 ):
where the first a is in the (2j − 2)'th entry of [a] j . Define t = 1≤j<k≤n , a) → a, the cobracket δ c : c → ∧ 2 c defined by the first splitting in (4.8) is given by δ c (ξ, a 2 , . . . , a n−1 , x) = (δ g * (ξ), −δ d (a 2 ), . . . , −δ d (a n−1 ), −δ g (x)). Q.E.D. Definition 4.6. We call π Y in (4.6) the mixed product Poisson structure on Y 1 × · · · × Y n associated to the Poisson actions (ρ 1 , σ 2 , . . . , σ n−1 , λ n ) and denote it by
Then it is straightforward to check that the second Lagrangian splitting in (4.8) is the twisting by t of the first splitting. Under the identification
Recall that (d n , δ d n ) is the double Lie bialgebra of the n'th-uble (g (n) , δ g (n) ) of (g, δ g ), and recall from Lemma 4.4 the Lie bialgebra isomorphism (
Proposition 4.7. Let the setting be as in Theorem 4.5 and assume furthermore that 1) 1 , a 2 , . . . , a n ) = (σ 1 (a 1 ), σ 2 (a 2 ), . . . , σ n (a n )), a j ∈ d, is a left Poisson action of (d n , δ d n ) on (Y, π Y ), and the linear map
Proof. Let Y 0 and Y n+1 both be the one point space with the zero Poisson structure and the trivial actions by the Lie bialgebra (g * , δ g * ) and (g, δ g ) respectively. Applying Theorem 4.5 tõ a 1 , a 1 , . . . , a n , a n , x) −→ (σ 1 (a 1 ), . . . , σ n (a n )), ξ ∈ g * , x ∈ g, a j ∈ d, which induces the Poisson action σ of (d n , δ d n ) via the the surjective Lie bialgebra morphism (ξ, a 1 , a 1 , . . . , a n , a n , x) −→ (a 1 , a 1 , . . . , a n , a n ) and the Lie bialgebra isomorphism (
Q.E.D. a 1 , a 1 , . . . , a n−1 , a n−1 , x) = (σ 1 (a 1 ), . . . , σ n−1 (a n−1 ), 11) ρ 0 (ξ, a 2 , a 2 , . . . , a n−1 , a n−1 , a n , a n ) = (ρ 1 (ξ), −σ 2 (a 2 ), . . . , −σ n (a n )), ξ ∈ g * , a j ∈ d, is a right Poisson action of (g * (2n−1) , δ g *
) on (Y, π Y ). These statements can be proved using arguments similar to those in the proof of Proposition 4.7. One checks directly that the maps (a 1 , a 1 , . . . , a n−1 , a n−1 , x) −→ (a 1 , a 1 , . . . , a n−1 , a n−1 , x, x), (ξ, a 2 , a 2 , . . . , a n , a n ) −→ (ξ, ξ, a 2 , a 2 , . . . , a n , a n ), (ξ, a 2 , a 2 , . . . , a n−1 , a n−1 , x) −→ (ξ, ξ, a 2 , a 2 , . . . , a n−1 , a n−1 , x, x), where ξ ∈ g * , x ∈ g, and a j ∈ d, are respective Lie bialgebra embeddings of (
), and (g
) into (g (2n) , δ g (2n) ). When both conditions in Proposition 4.7 hold, the Lie bialgebra action σ of (g (2n) , δ g (2n) ) on (Y, π Y ) given in Proposition 4.7 restricts to the Poisson actions ρ 0 and σ 0 of these three sub-Lie bialgebras given respectively in (4.7), (4.11) and (4.10).
Definition 4.9. In the setting of Proposition 4.7, we also denote ( . ..,σn) , and call it the mixed product Poisson structure on Y defined by (σ 1 , . . . , σ n ). 
Define the Poisson structure π (j) on Y (j) as follows: let π (1) = π 1 and π (2) = π 1 × (ρ 1 ,λ 2 ) π 2 . By Proposition 4.7, ρ (2) is a right Poisson action of the Lie bialgebra (g * , δ g * ) on (Y (2) , π (2) ).
, and one knows that ρ (j+1) is a right Poisson action of (g * , δ g * ) on (Y (j+1) , π (j+1) ). One thus has the well-defined Poisson structure
Similarly, one has the well-defined Poisson structure π [1] on Y 1 × · · · × Y n given by
One then checks directly that
..,σ n−1 ,λn) . Using the obvious isomorphism
, it is straightforward to see from (4.6) that
, ∀1 ≤ j < n.
Mixed product Poisson structures associated to quasitriangular r-matrices
5.1. Mixed sums of quasitriangular r-matrices. Let g be any Lie algebra, and consider the direct product Lie algebra g n = g ⊕ · · · ⊕ g (n-copies), where n ≥ 1. For X ∈ g ⊗k , k ≥ 1, and 1 ≤ j ≤ n, let (X) j ∈ (g n ) ⊗k be the image of X under the embedding of g into g n as the j'th summand. For r = i x i ⊗ y i ∈ g ⊗ g, define Alt n (r) ∈ g n ⊗ g n to be the alternating sum
where recall that P (r) = i y i ⊗ x i , and define Mix n (r) ∈ ∧ 2 (g n ) by
are well-defined. Indeed, consider again (see (1.5) and §2.3) the linear maps the maps
For any r ∈ g ⊗ g, define
Recall from §2.3 that if r ∈ g⊗g is a quasitriangular r-matrix on g, then (g, δ r ) is a Lie bialgebra, where δ r (x) = ad x r for x ∈ g, and the dual of δ r : g → ∧ 2 g is the Lie bracket on g * given by
Theorem 5.1. If r ∈ g ⊗ g is a quasitriangular r-matrix on g, then for any integer n ≥ 1, r (n) is a quasitriangular r-matrix on the direct product Lie algebra g n , and the dual of δ r (n) :
where for each 1 ≤ j ≤ n,
Moreover, for any 1 ≤ k ≤ m ≤ n, the map φ m,k : g m → g n given by
is a Lie bialgebra homomorphism from (g m , δ r (m) ) to (g n , δ r (n) ).
Proof. As both r and −P (r) are quasitriangular r-matrices on g, Alt n (r) is a quasitriangular r-matrix on g n . Since r (n) and Alt n (r) have the same symmetric part, by Lemma 2.7, it is enough to show that Mix n (r) is a twisting element for the Lie bialgebra (g n , δ Alt n (r) ), the n-fold direct product of the Lie bialgebra (g, δ r ). Let (d, , d ) be the double Lie algebra of the Lie bialgebra (g, δ r ). One then needs to show that
n is a Lie subalgebra of d n . By (5.3), k = {a(ξ) : ξ ∈ (g * ) n }, where for ξ = (ξ 1 , . . . , ξ n ) ∈ (g * ) n , the element a(ξ) = (a 1 (ξ) , . . . , a n (ξ)) ∈ d n is defined by
, where x j ∈ g and ζ j ∈ g * . By the definition of the Lie bracket on d and by (5.5), ζ j is given by (5.6) for each 1 ≤ j ≤ n. It remains to show that
Using again the definition of the Lie bracket on d and the identities
where ξ, η ∈ g * , one sees that x j = r − (y j ) + r + (z j ) for each 1 ≤ j ≤ n, where
On the other hand, using again (5.5), one checks directly that, for 1 ≤ j ≤ n,
Thus (5.8) holds, and hence [a(ξ), a(η)] = a(ζ), where ζ = (ζ 1 , . . . , ζ n ). Let 1 ≤ k ≤ m ≤ n. Using (5.6) and (5.12), one checks by direct computations (we omit the details) that the dual map φ * m,k of φ m,k , which is given by φ * m,k : (g * ) n −→ (gwhere l = n − m + k and ξ 1 , . . . , ξ n ∈ g * , is a Lie algebra homomorphism from
Remark 5.2. Starting from a quasitriangular Lie bialgebra (g, r) and for any integer n ≥ 2, P. Etingof and D. Kazhdan constructed in [15] a Lie bracket on (g * ) n = g * ⊕· · ·⊕g * , which, together with the direct product co-bracket dual to the direct product Lie bracket on g n , form a locally factored Lie bialgebra with equal components, i.e., for each 1 ≤ j ≤ n, the j'th summand (g * ) j is a sub-Lie bialgebra, isomorphic to the dual Lie bialgebra of (g, r), and
for each pair i = j. One checks directly that the Lie bracket [ , ] r (n) given in Theorem 5.1 is precisely the Lie bracket on (g * ) n in [15, Proposition 1.9]. In particular, Theorem 5.1 implies that the Lie bialgebra of Etingof and Kazhdan in [15, Proposition 1.9] is co-quasitriangular.
Remark 5.3. Note that if φ : g 1 → g 2 is a Lie algebra homomorphism and r i ∈ g i ⊗ g i for i = 1, 2 are such that φ(r 1 ) = r 2 , then φ(r
Let (g, δ g ) be any Lie bialgebra with double Lie algebra (d,
) (see Definition 2.4). Let n ≥ 2 be an integer and let r d n be the quasitriangular r-matrix on d n associated to the Lagrangian splitting
Assume first that n = 2k is even. If {x i } m i=1 is a basis of g and {ξ i } m i=1 is the dual basis of
is a basis for g (n) , with its dual basis of g * (n)
given by (ξ i ) ( 
, and one proves that r is a quasitriangular r-matrix on d n without using Theorem 5.1. If r ∈ g ⊗ g is a quasitriangular r-matrix on g, then one has the Lie algebra homomorphism p + : d → g in (2.15) and p + (r d ) = r. Thus, a 1 ) , . . . , p + (a n )) for (a 1 , . . . , a n ) ∈ d n . Hence
This gives an alternative proof that r (n) is a quasitriangular r-matrix on g n .
The following Proposition 5.6 will be proved in the Appendix.
Proposition 5.6. If r is a factorizable quasitriangular r-matrix on a Lie algebra g, then for any n ≥ 1, the n-uble of the Lie bialgebra (g, δ r ) is isomorphic to the Lie bialgebra (g n , δ r (n) ).
Remark 5.7. Given a quasitriangular r-matrix r on g, one may obtain other quasitriangular r-matrices on g n from r (n) . Indeed, let S n be the permutation group of {1, 2, . . . , n}, and for τ ∈ S n , define φ τ ∈ Aut(g n ) by φ τ (x 1 , . . . , x n ) = (x τ −1 (1) , . . . , x τ −1 (n) ) for x 1 , . . . , x n ∈ g. Then φ τ (r (n) ) is a quasitriangular r-matrix on g n for every τ ∈ S n . Write r = Λ + s, where Λ ∈ ∧ 2 g and s ∈ (S 2 (g)) g , so that
where (s, −s, s, . . . , (−1) n−1 s) = Alt n (s) is the symmetric part of r (n) . Then for every τ ∈ S n ,
for some sign function ε : {1, 2, . . . , n} → {1, −1}. It is easy to show that for every τ ∈ S n , φ τ (Mix n (Λ)) = Mix n (Λ), while
For an arbitrary function ε : {1, 2 . . . , n} → {1, −1} and any τ ∈ S n , define
By (2.8) -(2.10), r (ε,τ,n) is a quasitriangular r-matrix on g n for every ε : {1, 2 . . . , n} → {1, −1} and every τ ∈ S n .
Definition 5.8. For a quasitriangular r-matrix r on a Lie algebra g and for any integer n ≥ 2, we call every quasitriangular r-matrix r (ε,τ,n) on g n given in (5.13) an n'th mixed sum of r.
5.2.
Mixed product Poisson structures associated to quasitriangular r-matrices. Let r ∈ g ⊗ g be a quasitriangular r-matrix on a Lie algebra g. For each n ≥ 2, one then has two Lie bialgebra structures on g n , the direct product of n-copies of the Lie bialgebra (g, δ r ), which will be denoted by (g, δ r ) n , and the Lie bialgebra (g n , δ r (n) ), where r (n) is the r-matrix on g n defined in (5.4). By §2.3, the Lie bialgebra (g n , δ r (n) ) is the twist of the Lie bialgebra (g n , δ r ) n by the twisting element Mix n (r) ∈ ∧ 2 (g n ) given in (5.2). The following Lemma 5.9 is a direct application of Lemma 2.12.
Assume now that (Y j , π j , λ j ) is a left (g, δ r )-Poisson space for each 1 ≤ j ≤ n, where n ≥ 2, and consider the product manifold Y = Y 1 × · · · × Y n with the product Poisson structure (π 1 , . . . , π n ). Let λ : g n → V 1 (Y ) be the left Lie algebra action of g n on Y given by (5.14)
λ(x 1 , . . . , x n ) = (λ 1 (x 1 ), . . . , λ n (x n )), x j ∈ g.
Define the bi-vector field π Y on Y by
Proof. The first part of Theorem 5.10 follows directly from Lemma 5.9 by taking π = (π 1 , . . . , π n ). The second part of Theorem 5.10 follows from the definition of r (n) .
Q.E.D. δ r (m) )-Poisson spaces, where φ m,k : g m → g n is given in (5.7) . In particular, with respect to the diagonal action On the other hand, assume that r is a quasitriangular r-matrix on a Lie algebra g and that (Y j , π j , λ j ) is a left (g, δ r )-Poisson space for each 1 ≤ j ≤ n. Let (l − , δ g | l − ) be the sub-Lie bialgebra of (g, δ r ) given in §2.3. Then the double Lie bialgebra We now give our main examples of the construction in Theorem 5.10.
Example 5.14. Suppose that G is a connected Lie group with Lie algebra g and let s ∈ (S 2 g) g . Suppose that Q 1 , . . . , Q n are closed Lie subgroups of G such that the Lie algebra q j of Q j for each j is coisotropic with respect to s (see §2.5). Let λ j be the left action of g on G/Q j induced by the left action of G on G/Q by left translation. Then, by Proposition 2.14, for every quasitriangular r-matrix r on g with symmetric part s, λ j (r) is a Poisson structure on G/Q j for each j, and λ(r (n) ) is a mixed product Poisson structure on the product manifold G/Q 1 × · · · × G/Q n , where λ = (λ 1 , . . . , λ n ) is the direct product action of g n on the product manifold. We will return to these examples in §6.3 for the case when G is a complex semisimple Lie group. 5.3. Fusion products of Poisson spaces and quasi-Poisson spaces. Let g be a Lie algebra and s ∈ (S 2 g) g . Let φ s = −2CYB(s) ∈ (∧ 3 g) g . By (2.9),
Recall from [2] For the rest of §5.3, assume that r = Λ + s is a quasitriangular r-matrix on g, where Λ ∈ ∧ 2 g and s ∈ (S 2 g) g . By (2.8) and (2.10), [Λ, Λ] = φ s . One then has the Lie bialgebra (g, δ r ). Let P(g, δ r ) be the category of left (g, δ r )-Poisson spaces with g-equivariant Poisson morphisms as morphisms, and let QP(g, φ s ) be the category of (g, φ s )-quasi-Poisson spaces whose morphisms are the g-equivariant morphisms respecting the quasi-Poisson bi-vector fields. The following Lemma 5.15 is proved in [1, 25] . Due to our sign conventions, we include a proof for the convenience of the reader.
Lemma 5.15. [1, 25] One has the equivalence of categories
where Q Y = π Y + λ(Λ), and the map on morphisms is the identity map.
Proof. Let Y be a manifold with a left action λ of g, and let π Y and Q Y be two bi-vector fields on Y related by
and for Let n ≥ 2 be any integer and let φ n s = (φ s , φ s , . . . , φ s ) ∈ ∧ 3 (g n ). Applying Lemma 5.15 to the quasitriangular r-matrix r (n) on g n defined in §5.1, one has the equivalence of categories
By Theorem 5.1, one has the restriction functor
where (diag) n : g −→ g n , (diag) n (x) = (x, x, . . . , x) for x ∈ g. On the other hand, by [1, 2] (see also [26] ), one has the fusion functor
Proposition 5.18. One has the commutative diagram
where the functors represented by the top and bottom horizontal arrows are respectively given in (5.18) and (5.17).
Proof. Using the definitions of the functors, it is enough to show that
which is straightforward to check.
Corollary 5.19. Under the equivalence in (5.17), the fusion product in QP(g, φ s ) corresponds to the fusion product in P(g, δ r ) defined in Definition 5.11.
Remark 5.20. Recall from §2.3 that for each permutation τ ∈ S n , the element
is also a twisting element of the direct product Lie bialgebra (g, δ r ) n . Given (g, δ r )-Poisson spaces (Y j , π j , λ j ) for 1 ≤ j ≤ n with n ≥ 2, we then have the left (g,
Replacing the fusion functor Fus in (5.21) by
It follows from (5.22) again that under the functor in Lemma 5.15, τ -fusion products of (g, δ r )-Poisson spaces correspond to τ -fusion products of (g, φ s )-quasi-Poisson spaces. See [26] for examples of τ -fusion products of (g, φ s )-quasi-Poisson spaces for non-trivial τ ∈ S n . 
Lemma 6.1. 
We now look at the case when n = 1, leaving the case of an arbitrary n to §6.2. Assume thus that Q is a closed Poisson Lie subgroup of (G, π G ) and consider the well-defined Poisson structure
on G/Q, where ̟ G/Q : G → G/Q is the projection. Let (g, δ g ) be the Lie bialgebra of (G, π G ), and let (g * , δ g * ) and (d, δ d ) be respectively the dual and double Lie bialgebras of (g, δ g ). Recall from (2.29) the left Poisson action ς of (d, δ d ) on (G, π G ), i.e.,
As Q is a Poisson subgroup, it follows from (2.28) that
is a well-defined Poisson action, called the right dressing action, of (g * , δ g * ) on (G/Q, π G/Q ). As
is also well-defined, one has the well-defined left Lie algebra action 
Proof. Let {x i } m i=1 be any basis of g and {ξ i } m i=1 the dual basis of g * . By the definition of the bundle map π
For the remainder of §6.1, let g be a Lie algebra, let r ∈ g ⊗ g be a quasitriangular r-matrix on g, and let G be any connected Lie group with Lie algebra g. Writing r = Λ + s, where Λ ∈ ∧ 2 g and s ∈ (S 2 g) g , one then has the Poisson Lie group (G, π G ) with Lie bialgebra (g, δ r ), where π G = Λ L − Λ R . We now consider some particular examples of Poisson Lie subgroups of (G, π G ). We first compute the right dressing action ̺ of (g * , δ g * ) on (G, π G ). Recall that r + = r # and r − = −P (r) # = −r * + are Lie bialgebra homomorphisms from (g * , −δ g * ) to (g, δ r ). Recall also that for g ∈ G, L g and R g respectively denote the left and right translations on G by g. Lemma 6.4. For ξ ∈ g * and g ∈ G, one has
Proof. Writing r = j x i ⊗ y j where x j , y j ∈ g, one has
The second identity in (6.5) is proved using π G (g) = L g (−P (r)) − R g (−P (r)).
Q.E.D.
Recall from §2.3 the sub-Lie bialgebras (l − , δ g | l − ) and (l + , δ g | l + ) of (g, δ g ), where l ± = Im(r ± ). Proposition 6.5. Let Q be a Lie subgroup of G with Lie algebra q ⊂ g such that l + ⊂ q or l − ⊂ q. Then Q is a Poisson Lie subgroup of (G, π G ). If Q ⊂ G is closed and l + ⊂ q, then
If Q ⊂ G is closed and l − ⊂ q, then
In both cases, one has π G/Q = −λ G/Q (r).
Proof. As q ⊃ l + or q ⊃ l − , it follows from Lemma 6.4 that π # G (ξ R )(g) ∈ T g Q for every ξ ∈ g * and g ∈ Q. Thus Q is a Poisson Lie subgroup of (G, π G ).
Assume that Q is closed in G. Then (6.6) and (6.7) follow from (6.5). Assume that l + ⊂ q.
be basis of g and {ξ i } m i=1 the dual basis of g * such that {x i } k i=1 is a basis of l − . Then Span{ξ k+1 , . . . , ξ m } = l 0 − = ker r + . By (6.4) and (6.6),
6.2.
Mixed products associated to quotient Poisson structures. In this subsection, fix a connected Poisson Lie group (G, π G ) and let (g, δ g ) be its Lie bialgebra. Let (g * , δ g * ) and (d, δ d ) be respectively the dual and the double Lie bialgebra of (g, δ g ). Recall the right dressing action ̺ of (g * , δ g * ) on (G, π G ) given in (2.27) .
Recall from §3.1 that one has the mixed product Poisson structure y 1 ) . By the definitions of π and µ, one has
Q.E.D.
Assume now that Q is a closed Poisson Lie subgroup of (G, π G ), and consider the quotient manifold G × Q Y with the Poisson structure π = ̟(π G × π Y ), where ̟ : G × Y → G × Q Y denotes again the natural projection. Let J Q be the diffeomorphism
Then J Q (π) is a Poisson structure on the product manifold (G/Q) × Y . Recall the right Poisson action ̺ G/Q of the Lie bialgebra (g * , δ g * ) on (G/Q, π G/Q ) given in (6.1). Lemma 6.7. As Poisson structures on (G/Q) × Y , one has
Proof. Lemma 6.7 follows from Lemma 6.6 and the commutative diagram
Assume now that Q 1 , Q 2 , . . . , Q n are closed Poisson Lie subgroups of (G, π G ), and consider again the quotient manifold
, where ̟ Z : G n → Z is the projection. Recall the diffeomorphism I Z : Z → G/Q 1 × · · · × G/Q n given in (1.4), i.e., I Z (̟ Z (g 1 , g 2 , . . . , g n )) = (g 1 Q 1 , g 1 g 2 Q 2 , . . . , g 1 g 2 · · · g n Q n ), g j ∈ G.
By Lemma 6.3, for each 1 ≤ j ≤ n, one has the (d, δ d )-Poisson space (G/Q j , π G/Q j , ς j ), where ς j = ς G/Q j (see (6. 3)), and by Lemma 6.3, π G/Q j = −ς j (r d ), where r d ∈ d⊗d is the quasitriangular r-matrix on d defined by the Lagrangian splitting d = g + g * . Consider the direct product left Lie algebra action σ = (ς 1 , . . . , ς n ) of d n on the product manifold G/Q 1 × · · · × G/Q n . We now identify the Poisson structure I Z (π Z ) on the product manifold G/Q 1 × · · · × G/Q n as the mixed product Poisson structure defined by the n'th mixed sum r 
Assume now that r is a quasitriangular r-matrix on a Lie algebra g, and let (G, π G ) be a connected Poisson Lie group with Lie bialgebra (g, δ r ). Assume that Q is a closed Lie subgroup of G with Lie algebra q such that either l + ⊂ q or l − ⊂ q. By Proposition 6.9, Q is a Poisson Lie subgroup of G. Let Z = G × Q · · · × Q G/Q. Let again λ G/Q be the left action of g on G/Q induced by the left action of G by left translation, and let λ be the corresponding direct product action of g n on G/Q × · · · × G/Q. Proposition 6.9. As Poisson structures on G/Q × · · · × G/Q, one has I Z (π Z ) = −λ r (n) if l + ⊂ q, and I Z (π Z ) = −λ (−P (r)) (n) if l − ⊂ q.
Proof. Using Theorem 6.8, the proof of Proposition 6.9 is similar to that of Proposition 6.5.
Q.E.D. (g, δ g ), a pair ((p, δ p ), Q), where (p, δ p = δ g | p ) is a sub-Lie bialgebra of (g, δ g ) and Q is a closed Poisson Lie subgroup of (G, π G ), is said to be special if ̺ G/Q (ξ) = 0 for all ξ ∈ p 0 , where ̺ G/Q is given in (6.1). In this case, the left Poisson action ς G/Q of (d, δ d ) on (G/Q, π G/Q ) induces a left action, denoted by ς p , of the double Lie bialgebra of (p, δ p ) on (G/Q, π G/Q ) by ς p (x + ξ + p 0 ) = ς G/Q (x + ξ), x ∈ p, ξ ∈ g * (see Example 2.1 and Remark 3.3), and in the setting of Theorem 6.8 with Q j = Q for each j, one checks directly that the Poisson structure I Z (π Z ) on G/Q × · · · × G/Q is also given by I Z (π Z ) = (π G/Q × · · · × π G/Q ) (ςp,...,ςp) = −σ p r (n) dp , where σ p = (ς p , . . . , ς p ) is the direct product action of d p on Z and r dp is the quasitriangular r-matrix on d p associated to the Lagrangian splitting d p = p + p * . In the setting of Proposition 6.9, we have the special pair ((l − , δ r | l − ), Q) if l + ⊂ q and the special pair ((l + , δ r | l + ), Q) if l − ⊂ q. Thus Proposition 6.9 is also an example of the above mentioned reduction.
6.3. Mixed product Poisson structures on products of flag varieties. In this subsection, assume that g is a complex semisimple Lie algebra and let G be any connected Lie group with Lie algebra g. Recall that a flag variety of G is a (left) G-homogeneous space with parabolic stabilizer subalgebras. Let F 1 , . . . , F n be any finite collection of flag varieties of G, where n ≥ 1, and for each 1 ≤ j ≤ n, let λ j be the corresponding (left) Lie algebra action of g on F j . Proposition 6.11. For any quasitriangular r-matrix r on g, λ(r (n) ) is a mixed product Poisson structure on the product manifold F = F 1 × · · · × F n , where λ = (λ 1 , . . . , λ n ) is the direct product action of g n on F.
Proof. Let s ∈ (S 2 g) g be the symmetric part of r. If g = g 1 ⊕ · · · ⊕ g k is the decomposition of g into simple factors, then [7, Lemma 1] , s = (s 1 , . . . , s k ), where, s i ∈ S 2 (g i ) g i , 1 ≤ i ≤ k, is a scalar multiple of the element in S 2 (g i ) g i corresponding to the Killing form of g i . Thus every parabolic subalgebra of g, being a direct sum of parabolic subalgebras of the g i 's, is coisotropic with respect to s. Proposition 6.11 now follows from Theorem 5.10 (see also Example 5.14).
Q.E.D. Example 6.12. Let b and b − be a pair of opposite Borel subalgebras of g and let t = b ∩ b − . For each non-degenerate element s ∈ (S 2 g) g , one has the so-called standard quasitriangular r-matrix on g with symmetric part s given by r = α>0 e α ⊗ e −α + i h i ⊗ h i , where e ±α are suitably chosen root vectors using the root decomposition of g relative to the pair (b, t), and {h i } is an orthonormal basis of t with respect to s. Denoting by π st the multiplicative Poisson structure on G defined by r, the product Poisson structure π n st on G n descends to a well-defined Poisson structure π n on the quotient space F n = G × B · · · × B G/B, where B is the Borel subgroup of G with Lie algebra b. Let T be the maximal torus of G with Lie algebra t. In [28] , we will describe the T-orbits of symplectic leaves of π n .
Appendix A. Polyubles of quasitriangular Lie bialgebras
Let r ∈ g ⊗ g be a quasitriangular r-matrix on a Lie algebra g. In this Appendix, for any integer n ≥ 1, we compare the n-uble Lie bialgebra (g (n) , δ (n) ) of the Lie bialgebra (g, δ r ) and the Lie bialgebra (g n , δ r (n) ), where r (n) is the quasitriangular r-matrix on g n defined (5.4). Let (g * , δ g * ) and (d, δ d ) be respectively the dual Lie bialgebra and the double Lie bialgebra of (g, δ r ). Recall that δ d = δ rd , where r d is the quasitriangular r-matrix on d defined by the Lagrangian splitting d = g + g * .
Consider first the 2n-uble (g (2n) , δ g (2n) ) of the Lie bialgebra (g, δ r ), where n ≥ 1. Recall from Lemma 4.4 that one has the Lie bialgebra isomorphism (1.1) J 2n : (g (2n) , δ g (2n) ) −→ (d n , δ d n ) : (a 1 , a 1 , . . . , a n , a n ) −→ (a 1 , . . . , a n ), a j ∈ d.
By Lemma 5.4, r (n) d is a quasitriangular structure on (d n , δ d n ). Let p 2n : d n → g 2n be the Lie algebra homomorphism given by p 2n (a 1 , a 2 , . . . , a n ) = (p + (a 1 ), p + (a 2 ), . . . , p + (a n ), p − (a n ), p − (a n−1 ), . . . , p − (a 1 )), a j ∈ d, where p ± : d → g are the Lie algebra homomorphisms given in (2.15) . Note that p 2n is a Lie algebra isomorphism when r is factorizable.
Lemma A.1. One has p 2n r (n) d = r (2n) and the Lie bialgebra homomorphism p 2n • J 2n : (g (2n) , δ g (2n) ) −→ (g 2n , δ r (2n) ).
Proof. One proves that p 2n r (n) d = r (2n) by a straightforward calculation.
Q.E.D.
For the (2n + 1)-uble (g (2n+1) , δ g (2n+1) ) of (g, δ r ), consider the Lie algebra isomorphism (a 1 , a 1 , . . . , a n , a n , x) −→ (a 1 , . . . , a n , x), a j ∈ d, x ∈ g, and the Lie algebra homomorphism q : d n+1 −→ d n ⊕ g, (a 1 , . . . , a n , a n+1 ) −→ (a 1 , . . . , a n , p + (a n+1 )), a j ∈ d.
It is clear that q r
is a quasitriangular r-matrix on d n ⊕ g and thus defines a co-bracket
be the Lie algebra homomorphism p 2n+1 (a 1 , . . . , a n , x) = (p + (a 1 ), . . . , p + (a n ), x, p − (a n ), . . . , p − (a 1 )), a j ∈ d, x ∈ g.
Recall the notation in (5.13). Let τ ∈ S 2n+1 be the identity element in S 2n+1 and let ε : {1, 2, . . . , 2n + 1} → {1, −1} be given by ε(j) = (−1) j−1 for 1 ≤ j ≤ n + 1, and ε(j) = (−1) j for n + 2 ≤ j ≤ 2n + 1.
The proof of the following Lemma A.2 is omitted as it is straightforward.
Lemma A.2. The map J 2n+1 : (g (2n+1) , δ g (2n+1) ) → d n ⊕ g, δ q r
is a Lie bialgebra isomorphism, and p 2n+1 q r (n+1) d = r (ε,τ,2n+1) . Consequently,
When r is factorizable, i.e., when the symmetric part of r is non-degenerate, p 2 : d → g ⊕ g is a vector space isomorphism, a fact first proved in [33] . In such a case, both p 2n • J 2n and p 2n+1 • J 2n+1 are Lie bialgebra isomorphisms. We have thus proved Proposition 5.6.
